At a first glance, the problem of illuminating the boundary of a convex body by external light sources and the problem of covering a convex body by its smaller positive homothetic copies appear to be quite different. They are in fact two sides of the same coin and give rise to one of the important longstanding open problems in discrete geometry, namely, the Illumination Conjecture. In this paper, we survey the activity in the areas of discrete geometry, computational geometry and geometric analysis motivated by this conjecture. Special care is taken to include the recent advances that are not covered by the existing surveys. We also include some of our recent results related to these problems and describe two new approaches -one conventional and the other computer-assisted -to make progress on the illumination problem. Some open problems and conjectures are also presented.
Let us make things formal. A d-dimensional convex body K is a compact convex subset of the Euclidean d-space, E d with nonempty interior. Let o denote the origin of E d . Then K is said to be o-symmetric if K = −K and centrally symmetric if some translate of K is o-symmetric. Since the quantities studied in this paper are invariant under affine transformations, we use the terms o-symmetric and centrally symmetric interchangeably. A homothety is an affine transformation of E d of the form x → t + λx, where t ∈ E d and λ is a non-zero real number. The image t + λK of a convex body K under a homothety is said to be its homothetic copy (or simply a homothet). A homothetic copy is positive if λ > 0 and negative otherwise. Furthermore, a homothetic copy with 0 < λ < 1 is called a smaller positive homothet. In terms of the notations just introduced the Covering Conjecture states that for any K ⊆ E d , there exist t i ∈ E d and 0 < λ i < 1, for i = 1, . . . , 2 d , such that A light source at a point p outside a convex body K ⊂ E d , illuminates a point x on the boundary of K if the halfline originating from p and passing through x intersects the interior of K at a point not lying between p and x. The set of points {p i : i = 1, . . . , n} in the exterior of K is said to illuminate K if every boundary point of K is illuminated by some p i . The illumination number I(K) of K is the smallest n for which K can be illuminated by n point light sources. One can also consider illumination of K ⊂ E d by parallel beams of light. Let S d−1 be the unit sphere centered at the origin o of E d . We say that a point x on the boundary of K is illuminated in the direction v ∈ S d−1 if the halfline originating from x and with direction vector v intersects the interior of K. The former notion of illumination was introduced by Hadwiger [54] , while the latter notion is due to Boltyanski 3 [30] . It may not come as a surprise that the two concepts are equivalent in the sense that a convex body K can be illuminated by n point sources if and only if it can be illuminated by n directions. However, it is less obvious that any covering of K by n smaller positive homothetic copies corresponds to illuminating K by n points (or directions) and vice versa (see [36] for details). Therefore, the following Illumination Conjecture [30, 36, 54] of Hadwiger and Boltyanski is equivalent to the Covering Conjecture. The conjecture also asserts that affine images of d-cubes are the only extremal bodies. The conjectured bound of 2 d results from the 2 d vertices of an affine cube, each requiring a different light source to be illuminated. In the sequel, we use the titles Covering Conjecture and Illumination Conjecture interchangeably, shifting between the covering and illumination paradigms as convenient.
We have so far seen three equivalent formulations of the Illumination Conjecture. But there are more. In fact, it is perhaps an indication of the richness of this problem that renders it to be studied from many angles, each with its own intuitive significance. We state one more equivalent form found independently by P. Soltan and V. Soltan [77] , who formulated it for the o-symmetric case only and the first author [9, 10] . Over the years, the illumination conjecture has inspired a vast body of research in convex and discrete geometry, computational geometry and geometric analysis. There exist some nice surveys on the topic such as the papers [17, 66] and the corresponding chapters of the books [23, 36] . However, most of these are a bit dated. Moreover, we feel that the last few years have seen some interesting new ideas, such as the possibility of a computer-assisted proof, that are not covered by any of the above-mentioned surveys. The aim of this paper is to provide an accessible introduction to the geometry surrounding the Illumination Conjecture and a snapshot of the research motivated by it, with special emphasis on some of the recent developments. At the same time we describe some of our new results in this area.
We organize the material as follows. Section 2 gives a brief overview on the progress of the Illumination Conjecture. In Section 3, we mention some important relatives of the illumination problem, while Section 4 explores the known important quantitative versions of the problem including a new approach to make progress on the Illumination Conjecture based on the covering index of convex bodies (see Problem 3 and the discussion following it in Section 4.2). Finally, in Section 5 we present Zong's computer-assisted approach [88] for possibly resolving the Illumination Conjecture in low dimensions.
Progress on the Illumination Conjecture
2.1 Results in E 3 and E
4
Despite its intuitive richness, the illumination conjecture has been notoriously difficult to crack even in the first nontrivial case of d = 3. The closest anything has come is the proof announced by Boltyanski [37] for the 3-dimensional case. Unfortunately, the proof turned out to have gaps that remain to date. Later, Boltyanski [38] modified his claim to the following.
Here md is a functional introduced by Boltyanski in [31] and defined as follows for any d-dimensional convex body: Let K ⊆ E d be a convex body. Then md(K) is the greatest integer m for which there exist m + 1 regular boundary points of K such that the outward unit normals v 0 , . . . , v m of K at these points are minimally dependent, i.e., they are the vertices of an m-dimensional simplex that contains the origin in its relative interior.
So far the best upper bound on illumination number in three dimensions is due to Papadoperakis [70] . Theorem 2.2. The illumination number of any convex body in E 3 is at most 16.
However, there are partial results that establish the validity of the conjecture for some large classes of convex bodies. Often these classes of convex bodies have some underlying symmetry. Here we list some such results. A convex polyhedron P is said to have affine symmetry if the affine symmetry group of P consists of the identity and at least one other affinity of E 3 . The first author obtained the following result [9] . Theorem 2.3. If P is a convex polyhedron of E 3 with affine symmetry, then the illumination number of P is at most 8.
Recall that a convex body K is said to be centrally symmetric if it has a point of symmetry. Furthermore, a body K is symmetric about a plane p if a reflection across that plane leaves K unchanged. Lassak [59] proved that under the assumption of central symmetry, the illumination conjecture holds in three dimensions.
Dekster [45] extended Theorem 2.3 from polyhedra to convex bodies with plane symmetry.
It turns out that for 3-dimensional bodies of constant width -that is bodies whose width, measured by the distance between two opposite parallel hyperplanes touching its boundary, is the same regardless of the direction of those two parallel planes -we get an even better bound. Theorem 2.6. The illumination number of any convex body of constant width in E 3 is at most 6.
Proofs of the above theorem have appeared in several papers [19, 62, 82] . It is, in fact, reasonable to conjecture the following even stronger result.
Conjecture 2.7. The illumination number of any convex body of constant width in E 3 is exactly 4.
The above conjecture, if true, would provide a new proof of Borsuk's conjecture [42] in dimension three, which states that any set of unit diameter in E 3 can be partitioned into at most four subsets of diameter less than one. We remark that although it is false in general [56] , Borsuk's conjecture has a long and interesting history of its own and the reader can look up [32, 36, 52] for detailed discussions. Now let us consider the state of the Illumination Conjecture in E 4 . It is well known that neighbourly d-polytopes have the maximum number of facets among d-polytopes with a fixed number of vertices (for more details on this see for example, [28] ). Thus, it is natural to investigate the Separation Conjecture for neighbourly d-polytopes (see also Theorem 2.18). Since interesting neighbourly d-polytopes exist only in
, it is particularly natural to first restrict our attention to neighbourly 4-polytopes. Starting from a cyclic 4-polytope, the sewing procedure of Shemer (for details see [28] ) produces an infinite family of neighbourly 4-polytopes each of which is obtained from the previous one by adding one new vertex in a suitable way. Neighbourly 4-polytopes obtained from a cyclic 4-polytope by a sequence of sewings are called totally-sewn. The main result of the very recent paper [28] of Bisztriczky and Fodor is a proof of the Separation Conjecture for totally-sewn neighbourly 4-polytopes.
Theorem 2.8. Let P be an arbitrary totally-sewn neighbourly 4-polytope in E 4 , and o be an arbitrary interior point of P. Then there exist 16 hyperplanes of E 4 such that each face of P, can be strictly separated from o by at least one of the 16 hyperplanes.
However, Bisztriczky [27] conjectures the following stronger result.
Conjecture 2.9. Let P be an arbitrary totally-sewn neighbourly 4-polytope in E 4 , and o be an arbitrary interior point of P. Then there exist 9 hyperplanes of E 4 such that each face of P, can be strictly separated from o by at least one of the 9 hyperplanes.
General results
Before we state results on the illumination number of convex bodies in E d , we take a little detour. We need Rogers' estimate [71] of the infimum θ(K) of the covering density of E d by translates of the convex body K, namely, for d ≥ 2,
and the Rogers-Shephard inequality [72] 
It was rather a coincidence, at least from the point of view of the Illumination Conjecture, when in 1964 Erdős and Rogers [47] proved the following theorem. In order to state their theorem in a proper form we need to introduce the following notion. If we are given a covering of a space by a system of sets, the star number of the covering is the supremum, over sets of the system, of the cardinals of the numbers of sets of the system meeting a set of the system (see [47] ). On the one hand, the standard Lebesgue brick-laying construction provides an example, for each positive integer d, of a lattice covering of E d by closed cubes with star number 2 d+1 − 1. On the other hand, Theorem 1 of [47] states that the star number of a lattice covering of E d by translates of a centrally symmetric convex body is always at least 2 d+1 − 1. However, from our point of view, the main result of [47] is the one under Theorem 2 which (combined with some observations from [46] and the Rogers-Shephard inequality [71] ) reads as follows. 
Moreover, for sufficiently large d, 5d can be replaced by 4d.
The periodic and probabilistic construction on which Theorem 2.10 is based gives also the following.
Note that the bound given in Corollary 2.11 can also be obtained from the more general result of Rogers and Zong [73] , which states that for
For the sake of completeness we also mention the inequality
due to Lassak [61] , which is valid for an arbitrary convex body
, and is (somewhat) better than the estimate of Corollary 2.11 for some small values of d.
Since, for a centrally symmetric convex body K,
, we have the following improved upper bound on the illumination number of such convex bodies.
The above upper bound is fairly close to the conjectured value of 2 d . However, most convex bodies are far from being symmetric and so, in general, one may wonder whether the Illumination Conjecture is true at all, especially for large d. Thus, it was important progress when Schramm [75] managed to prove the Illumination Conjecture for all convex bodies of constant width in all dimensions at least 16. In fact, he proved the following inequality. Theorem 2.13. If W is an arbitrary convex body of constant width in
By taking a closer look of Schramm's elegant paper [75] and making the necessary modifications, the first author [24] somewhat improved the upper bound of Theorem 2.13, but more importantly he succeeded in extending that estimate to the following family of convex bodies (called the family of fat spindle convex bodies) that is much larger than the family of convex bodies of constant width. Thus, we have the following generalization of Theorem 2.13 proved in [24] .
be an arbitrary compact set with diam(X) ≤ 1 and let B[X] be the intersection of the closed d-dimensional unit balls centered at the points of X. Then
On the one hand, 4
On the other hand, based on the elegant construction of Kahn and Kalai [56] , it is known (see [1] ), that if d is sufficiently large, then there exists a finite subset X of {0, 1}
d in E d such that any partition of X into parts of smaller diameter requires more
Let X be the (positive) homothetic copy of X having unit diameter and let X be the (not necessarily unique) convex body of constant width one containing X . Then it follows via standard arguments that
Recall that a convex polytope is called a belt polytope if to each side of any of its 2-faces there exists a parallel (opposite) side on the same 2-face. This class of polytopes is wider than the class of zonotopes. Moreover, it is easy to see that any convex body of E d can be represented as a limit of a covergent sequence of belt polytopes with respect to the Hausdorff metric in E d . The following theorem on belt polytopes was proved by Martini in [65] . The result that it extends to the class of convex bodies, called belt bodies (including zonoids), is due to Boltyanski [34, 35, 36] . (See also [39] for a somewhat sharper result on the illumination numbers of belt bodies.) Theorem 2.15. Let P be an arbitrary d-dimensional belt polytope (resp., belt body) different from a paral-
Now, let K be an arbitrary convex body in E d and let T (K) be the family of all translates of 76] ) is the smallest integer h such that for any finite family F ⊆ T (K) with cardinality greater than h + 1 the following assertion holds: if every h + 1 members of F have a point in common, then all the members of F have a point in common. As is well known 1 ≤ him(K) ≤ d. Using this notion Boltyanski [38] gave a proof of the following theorem. 
In fact, in [38] Boltyanski conjectures the following more general inequality.
Conjecture 2.17. Let K be a convex body with
The first author and Bisztriczky gave a proof of the Illumination Conjecture for the class of dual cyclic polytopes in [15] . Their upper bound for the illumination numbers of dual cyclic polytopes has been improved by Talata in [79] . So, we have the following statement.
Theorem 2.18. The illumination number of any d-dimensional dual cyclic polytope is at most
3 On some relatives of the illumination number 3.1 llumination by affine subspaces
The following definitions were introduced by the first named author in [14] (see also [9] that introduced the concept of the first definition below).
Then L illuminates the boundary point q of K if there exists a point p of L that illuminates q on the boundary of K. Moreover, we say that the affine subspaces
be the smallest positive integer n for which there exist n affine subspaces of dimension l say,
Recall that S d−1 denotes the unit sphere centered at the origin of
Then HS l illuminates the boundary point q of K if there exists a unit vector v ∈ HS l that illuminates q, in other words, for which it is true that the halfline emanating from q and having direction vector v intersects the interior of K. Moreover, we say that the l-dimensional open great-hemispheres HS 
The l-codimensional circumscribed cylinder of K generated by L is the union of translates of L that have a nonempty intersection with K. Then let C l (K) be the smallest number of translates of the interiors of some l-codimensional circumscribed cylinders of K the union of which contains K. Obviously,
The following theorem, which was proved in [14] , collects the basic information known about the quantities just introduced.
with equality for any smooth K.
The Generalized Illumination Conjecture was phrased by the first named author in [14] as follows. 
The above conjecture was proved for zonotopes and zonoids in [14] . The results of parts (i) and (ii) of the next theorem are taken from [14] , where they were proved for zonotopes (resp., zonoids). However, in the light of the more recent works in [35] and [39] these results extend to the class of belt polytopes (resp., belt bodies) in a rather straightforward way so we present them in that form. The lower bound of part (iii) was proved in [14] and the upper bound of part (iii) is the major result of [57] . Finally, part (iv) was proved in [13] . Theorem 3.3. Let M be a belt polytope (resp., belt body) and
, where K(d, l) denotes the minimum cardinality of binary codes of length d
In 1972, the X-ray number of convex bodies was introduced by P. Soltan as follows (see [66] )
We say that the boundary point x ∈ K is X-rayed along L if the line parallel to L passing through x intersects the interior of K. The X-ray number X(K) of K is the smallest number of lines such that every boundary point of K is X-rayed along at least one of these lines. Clearly, X(K) The X-ray Conjecture is proved only in the plane and it is open in higher dimensions. Here we note that the inequalities
hold for any convex body K ⊂ E d . In other words, any proper progress on the X-ray Conjecture would imply progress on the Illumination Conjecture and vice versa. We also note that a natural way to prove the X-ray Conjecture would be to show that any convex body K ⊂ E d can be illuminated by 3 · 2 d−2 pairs of pairwise opposite directions.
The main results of [22] on the X-ray number can be summarized as follows. In order to state them properly we need to recall two basic notions. Let K be a convex body in E d and let F be a face of K.The Gauss image ν(F ) of the face F is the set of all points (i.e., unit vectors) u of the (d − 1)-dimensional unit sphere S d−1 ⊂ E d centered at the origin o of E d for which the supporting hyperplane of K with outer normal vector u contains F . It is easy to see that the Gauss images of distinct faces of K have disjoint relative interiors in S d−1 and ν(F ) is compact and spherically convex for any face F . Let C ⊂ S d−1 be a set of finitely many points. Then the covering radius of C is the smallest positive real number r with the property that the family of spherical balls of radii r centered at the points of C covers S d−1 .
, be a convex body and let r be a positive real number with the property that the Gauss image ν(F ) of any face F of K can be covered by a spherical ball of radius r in S d−1 . Moreover, assume that there exist 2m pairwise antipodal points of S d−1 with covering radius R satisfying the inequality r + R ≤ It would be interesting to extend the method described in the paper [22] for the next few dimensions (more exactly, for the dimensions 7 ≤ d ≤ 14) in particular, because in these dimensions neither the X-ray Conjecture nor the Illumination Conjecture is known to hold for convex bodies of constant width.
From the proof of Theorem 2.4 it follows in a straightforward way that if K is a centrally symmetric convex body in E 3 , then X(K) ≤ 4. On the other hand, very recently Trelford [80] proved the following related result.
Theorem 3.8. If K is a convex body symmetric about a plane in E 3 , then X(K) ≤ 6.
Other relatives

t-covering and t-illumination numbers
In Section 1, we found that the least number of smaller positive homothets of a convex body K required to cover it equals the minimum number of translates of the interior of K needed to cover K. Is this number also equal to the the minimum number t(K) of translates of K that are different from K and are needed to cover K? Despite being a very natural question, the problem of economical translative coverings have not attracted much attention. To our knowledge, the first systematic study of these was carried out quite recently by Lassak, Martini and Spirova [63] who called them t-coverings and also introduced the corresponding illumination concept, called t-illumination, as follows: A boundary point x of a convex body K of E d is t-illuminated by a direction v ∈ S d−1 if there exists a different point y ∈ K such that the vector y − x has the same direction as v (i.e., y − x = λv, for some λ > 0). The minimum number i(K) of directions needed to t-illuminate the entire boundary of K is called its t-illumination number. The connection between t-covering and t-illumination is summarized in the next result [63] . Note that a convex body K is said to be strictly convex if for any two points of K the open line segment connecting them belongs to the interior of K. Theorem 3.9.
(i) If K is a planar convex body, then i(K) = t(K).
, where the equality does not hold in general.
Clearly, t(K) ≤ I(K).
In the same paper [63] , the following results were obtained about the relationship between I(·) and t(·). (i) If K is a planar convex body, then t(K) = I(K) if and only if K contains no parallel boundary segments.
does not have parallel boundary segments, then t(K) = I(K).
However, in general the following remains unanswered [63] .
Problem 1. Characterize the convex bodies K for which t(K) = I(K).
In [67] , the notion of t-illumination was refined into t-central illumination and strict t-illumination and the corresponding illumination numbers were defined. The paper also introduced metric versions of the classical, t-central and strict t-illumination numbers and investigated their properties at length. The interested reader is referred to [67] for details.
Blocking numbers
The blocking number β(K) [87] of a convex body K is defined as the minimum number of nonoverlapping translates of K that can be brought into contact with the boundary of K so as to block any other translate of K from touching K. Since β(K) = β(K − K) and K − K is o-symmetric, it suffices to consider the blocking numbers of o-symmetric convex bodies only.
For any o-symmetric convex body K, the relation I(K) ≤ β(K) holds [87] , while no such relationship exists for general convex bodies. Zong [87] conjectured the following. 
, if K is a 3-dimensional ball; and β(K) = 9, if K is a 4-dimensional ball [44] . Some other values and estimates are obtained in [86] .
Several generalizations of the blocking number have been proposed. The smallest number of nonoverlapping translates of K such that the interior of K is disjoint from the interiors of the translates and they can block any other translate from touching K is denoted by β 1 (K); the smallest number of translates all of which touch K at its boundary such that they can block any other translate from touching K is denoted by β 2 (K); whereas, β 3 (K) denotes the smallest number of translates all of which are non-overlapping with K such that they can block any other translate from touching K [85] . If in the original definition of blocking number, translates are replaced by homothets with homothety ratio α > 0 we get the generalized blocking number β α (K) [40] , and if we allow the homothets to overlap, we get the generalized α-blocking number β α 2 (K) [84] .
Recently, Wu [84] showed that if K and L are o-symmetric convex bodies that are sufficiently close to each other in the Banach-Mazur sense 7 then there exists α > 0 (depending on K) such that
. This gives a series of upper bounds on the illumination number of symmetric convex bodies and a possible way to circumvent the lack of lower semicontinuity of I(·) (see Section 4.1 for a discussion of the continuity of the illumination number).
Fractional covering and illumination
Naszódi [68] introduced the fractional illumination number and Arstein-Avidan with Raz [3] and with Slomka [4] introduced weighted covering numbers. Both formalisms can be used to study a fractional analogue of the illumination problem. In fact, the Fractional Illumination Conjecture for o-symmetric convex bodies was proved in [68] , while the case of equality was characterized in [4] . We omit the details as it would lead to a lengthy diversion from the main subject matter.
Quantifying illumination and covering
The illumination and covering parameters
It can be seen that in the definition of illumination number I(K), the distance of light sources from K plays no role whatsoever. Starting with a relatively small number of light sources, it makes sense to quantify how far they need to be from K in order to illuminate it. This is the idea behind the illumination parameter as defined by the first author [11] .
Let K be an o-symmetric convex body. Then the norm of x ∈ E d generated by K is defined as
and provides a good estimate of how far a point x is from K. The illumination parameter ill(K) of an o-symmetric convex body K estimates how well K can be illuminated by relatively few point sources lying as close to K on average as possible.
Clearly, I(K) ≤ ill(K) holds for any o-symmetric convex body K. In the papers [16, 58] , the illumination parameters of o-symmetric Platonic solids have been determined. In [11] a tight upper bound was obtained for the illumination parameter of planar o-symmetric convex bodies. The corresponding problem in dimension 3 and higher is wide open. The following conjecture is due to Kiss and de Wet [58] . However, for smooth o-symmetric convex bodies in any dimension d ≥ 2, the first named author and Litvak [20] found an upper bound, which was later improved to the following asymptotically sharp bound by Gluskin and Litvak [50] .
Translating the above quantification ideas from illumination into the setting of covering, Swanepoel [78] introduced the covering parameter of a convex body as follows.
Thus large homothets are penalized in the same way as the far off light sources are penalized in the definition of illumination parameter. Note that here K need not be o-symmetric. In the same paper, Swanepoel obtained the following Rogers-type upper bounds on C(K) when d ≥ 2.
Theorem 4.4.
He further showed that if K is o-symmetric, then
and therefore, ill
. Based on the above results, it is natural to study the following quantitative analogue of the illumination conjecture that was proposed by Swanepoel [78] .
Before proceeding further, we introduce some terminology and notations. Let us use K d and C d respectively to denote the set of all d-dimensional convex bodies and the set of all such bodies that are o-symmetric. In this section, we consider some of the important properties of the illumination number and the covering parameter as functionals defined on K d and the illumination parameter as a functional on C d . The first observation is that the three quantities are affine invariants (as are several other quantities dealing with the covering and illumination of convex bodies). That is, if A :
is an affine transformation and K is any d-dimensional convex body, then I(K) = I(A(K)), ill(K) = ill(A(K)) and C(K) = C(A(K)).
Due to this affine invariance, whenever we refer to a convex body K, whatever we say about the covering and illumination of K is true for all affine images of K. In the sequel,
cube and a line segment (which is a convex body in K 1 ) up to an affine transformation. The Banach-Mazur distance d BM provides a multiplicative metric 9 on K d and is used to study the continuity properties of affine invariant functionals on
where the infimum is taken over all invertible linear operators T :
Page 589]. In the remainder of this paper, K d (resp., C d ) is considered as a metric space under the Banach-Mazur distance. Since continuity of a functional can provide valuable insight into its behaviour, it is of considerable interest to check the continuity of I(·), ill(·) and C(·). Unfortunately, by Example 4.6, the first two quantities are known to be discontinuous, while nothing is known about the continuity of the third. 
Straightaway we observe that K is o-symmetric and satisfies We can state the following about the continuity of I(·) [36] .
Theorem 4.7. The functional I(·) is upper semicontinuous
Despite the usefulness of the covering parameter, not much is known about it. For instance, we do not know whether C(·) is lower or upper semicontinuous on K d and the only known exact value is C(C d ) = 2 d+1 . Thus there is a need to propose a more refined quantitative version of homothetic covering for convex bodies. Section 4.2 describes how we address this need.
The covering index
The concepts and results presented in this section appear in our recent paper [25] . As stated at the end of Section 4.1, the aim here is to come up with a more refined quantification of covering in terms of the covering index with the Covering Conjecture as the eventual goal. The covering index of a convex body K in E d combines the notions of the covering parameter C(K) and the m-covering number γ m (K) under the unusual, but highly useful, constraint γ m (K) ≤ 1/2, where
. . , m is the smallest positive homothety ratio needed to cover K by m positive homothets. (See Section 5 for a detailed discussion of γ m (·).) Definition 1 (Covering index). Let K be a d-dimensional convex body. We write N λ (K) to denote the covering number N (K, λK), for any 0 < λ ≤ 1. We define the covering index of K as
Intuitively, coin(K) measures how K can be covered by a relatively small number of positive homothets all corresponding to the same relatively small homothety ratio. The reader may be a bit surprised to see the restriction γ m (K) ≤ 1/2. In [25] , it was observed that if we start with γ m (K) ≤ λ < 1, for some λ close to 1 in the definition of coin(K) and then decrease λ, the properties of the resulting quantity significantly change when λ = 1/2, at which point we can say a lot about the continuity and maximum and minimum values of the quantity. It was also observed that decreasing λ further does not change these characteristics. Thus 1/2 can be thought of as a threshold at which the characteristics of the covering problem change.
Note that for
and in general for
The following result shows that a lot can be said about the Banach-Mazur continuity of coin(·). Based on this, coin(·) seems to be the 'nicest' of all the functionals of covering and illumination of convex bodies discussed here. 
We now present some results showing that coin(·) behaves very nicely with forming direct sums, Minkowski sums and cylinders of convex bodies, making it possible to compute the exact values and estimates of coin(·) for higher dimensional convex bodies from the covering indices of lower dimensional convex bodies. Theorem 4.9.
(ii) The first two upper bounds in (7) are tight. Moreover, the second inequality in (7) becomes an equality if any n − 1 of the K i 's are tightly covered (iii) Recall that ∈ K 1 denotes a line segment. If K is any convex body, then coin(K ⊕ ) = 4N 1/2 (K).
(iv) Let the convex body K be the Minkowski sum of the convex bodies K 1 , . . . , K n ∈ K d and Γ be as in part (i). Then
The notion of tightly covered convex bodies introduced in [25] plays a critical role in Theorem 4.9 (ii)-(iii).
Definition 2. We say that a convex body K ∈ K d is tightly covered if for any 0 < λ < 1, K contains N λ (K) points no two of which belong to the same homothet of K with homothety ratio λ.
In [25] , it was noted that not all convex bodies are tightly covered (e.g., B
2 is not), ∈ K 1 is tightly covered and so is the d-dimensional cube C d , for any d ≥ 2. Do other examples exist?
Problem 2. For some d ≥ 2, find a tightly covered convex body K ∈ K d other than C d or show that no such convex body exists.
Since coin is a lower semicontinuous functional defined on the compact space K d , it is guaranteed to achieve its infimum over K d . It turns out that in addition to determining minimizers in all dimensions, we can also find a maximizer in the planar case. (ii) If K is a planar convex body then coin(K) ≤ coin(B 2 ) = 14.
Since B 2 maximizes the covering index in the plane, it can be asked if the same is true for B d in higher dimensions.
, a positive answer to Problem 3 would considerably improve the best known upper bound on the illumination number
This gives us a way to closing in on the Illumination Conjecture for general convex bodies.
If we replace the restriction γ m (K) ≤ 1/2 from the definition of the covering index with the more usual γ m (K) < 1, the resulting quantity is called the weak covering index, denoted by coin w (K). As the name suggests, the weak covering index loses some of the most important properties of the covering index. For instance, no suitable analogue of Theorem 4.9 (iii) exists for coin w (·). As a result, we can only estimate the weak covering index of cylinders. Also the discussed aspects of continuity of the covering index seem to be lost for the weak covering index. Last, but not the least, unlike the covering index we cannot say much at all about the maximizers and minimizers of the weak covering index.
In the end, we would like to mention that fractional analogues of the covering index and the weak covering index were introduced in [26] . Just like fractional illumination number, we do not discuss these here due to limitation of space.
Cylindrical covering parameters
So far in Section 4.1-4.2, we have discussed some quantitative versions of the illumination number. The aim of this section is to introduce a quantification of the X-ray number. This quantification has the added advantage of connecting the X-ray problem with the Tarski's plank problem and its relatives (see [23, Chapter 4] ).
Given a linear subspace E ⊆ E d we denote the orthogonal projection on E by P E and the orthogonal complement of E by E ⊥ . Given 0 < k < d, define a k-codimensional cylinder C as a set, which can be presented in the form C = B +H, where H is a k-dimensional linear subspace of E d and B is a measurable set in E := H ⊥ . Given a convex body K and a k-codimensional cylinder C = B + H denote the cross-sectional volume of C with respect to K by
.
We note that if T : E d → E d is an invertible affine map, then crv K (C) = crv T (K) (T (C)). Now we introduce the following.
Definition 3 (k-th Cylindrical Covering Parameter). Let 0 < k < d and K be a convex body in E d . Then the k-th cylindrical covering parameter of K is labelled by cyl k (K) and it is defined as follows:
C i , C i is a k − codimensional cylinder, i = 1, . . . , n .
We observe that if T :
is an invertible affine map, then cyl k (K) = cyl k (T (K)). Furthermore, it is clear that cyl k (K) ≤ 1 holds for any convex body K in E d and for any 0 < k < d. In terms of X-raying, one can think of cyl k (K) as the minimum of the 'sum of sizes' of (d − k)-dimensional X-raying windows needed to X-ray K.
Recall that a (d − 1)-codimensional cylinder of E d is also called a plank for the reason that it is the set of points lying between two parallel hyperplanes in E d . The width of a plank is simply the distance between the two parallel hyperplanes. In a remarkable paper [6] , Bang has given an elegant proof of the Plank Conjecture of Tarski showing that if a convex body is covered by finitely many planks in E d , then the sum of the widths of the planks is at least as large as the minimal width of the body, which is the smallest distance between two parallel supporting hyperplanes of the given convex body. A celebrated extension of Bang's theorem to d-dimensional normed spaces has been given by Ball in [5] . In his paper [6] , Bang raises his so-called Affine Plank Conjecture, which in terms of our notation can be phrased as follows. Bang [6] also raised the important related question of whether the sum of the base areas of finitely many (1-codimensional) cylinders covering a 3-dimensional convex body is at least half of the minimum area of a 2-dimensional projection of the body. This, in terms of our terminology, reads as follows. If true, then Bang's estimate is sharp due to a covering of a regular tetrahedron by two cylinders described in [6] . In connection with Conjecture 4.13 the first named author and Litvak have proved the following general estimates in [21] . .
Furthermore, it is proved in [21] that if K is an ellipsoid in E d , then cyl 1 (K) = 1. Akopyan, Karasev and Petrov ( [2] ) have recently proved that if K is an ellipsoid in E d , then cyl 2 (K) = 1. They have put forward:
Conjecture 4.15 (Ellipsoid Conjecture). If K is an ellipsoid in E d , then cyl k (K) = 1 for all 2 < k < d.
theorem. Then we take a covering {C 1 , . . . , C m } of the boundary of dB d with spherical caps C i as shown in Figure 5 . The centers of the caps C i are joined to the origin by lines {L 1 , . . . , L m } and a large number of equidistant points are taken on the lines L i . We denote by p i the point lying in K ∩ L i that is farthest from the origin. Then the convex hull P = conv{p i } is the required element of our -net. Zong [88] showed that by taking m large enough and increasing the number of points on L i we can ensure d BM (K, P) ≤ . The following is a four step approach suggested by Zong [88] .
